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A stable adaptive control strategy is suggested for a class of continuous-flow bioreac-
tor processes described by Monod kinetics with two unknown parameters, one of which
appears nonlinearly. Similarly, as in the case of the previously reported adaptive con-
trollers, the paramertrization of the process model, in conjunction with the adaptive
exponential feeding strategy and corresponding adaptive aigorithms, results in a stable
system in which the convergence of the output errors to zero is guaranteed. In the
former, however, two major problems are encountered: (1) both output errors were used
to adjust the controller parameters, which may yield unacceptable performance of the
resulting adaptive system; (2) conditions under which the process output can assume
only positive values are difficult to derive. Hence, a design of a stable adaptive controller
is suggested, whose parameters are adjusted using only one of the output errors and that
yields acceptable performance of the control system. With this method, conditions under
which the process outputs can assume only positive values can be readily derived. These
conditions in turn guarantee that the control input saturation at value zero cannot oc-
cur. In this context, two adaptive controllers are suggested, such that the resulting adap-
tive systems are stable and the control objective is met. The adaptive controller design
relies on a convenient coordinate transformation, while the proof of stability is based on
suitably chosen Lyapunouv functions. The performance of the adaptive system is evalu-

ated through computer simulations.

Introduction

Optimization of continuous-flow bioreactor processes can
be generally achieved by maintaining the process outputs
close to their desired values over a time interval of interest.
In particular, during the course of the process the cell and
substrate concentrations are to be close to prespecified steady
states, and the latter are chosen to optimize certain per-
formance criteria. The corresponding control problem com-
monly consists of two stages: in the first stage the process
that starts from some initial state is to be brought close to the
desired steady state, while in the second stage the objective is
to maintain the process outputs close to their desired values
over large time intervals. Such a problem is rendered com-
plex due to the highly nonlinear nature of the process, and
since the control objective is to be achieved in the presence
of parameter time variations and substantial unmodeled dy-
namics. The latter effects generally tend to deteriorate the
performance of the process in a direction of lower productiv-
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ity. Furthermore, the key process variables, that is, cell and
substrate concentrations, are in general not measurable on-
line. Even when full state measurement is assumed, the con-
trol problem is far from trivial due to the process complexity
and parametric and structural uncertainty. Hence some type
of adaptation appears to be essential in assuring acceptable
process performance. Difficulties encountered when attempt-
ing to control such complex processes have been recognized
by the researchers in the field, and a large number of ap-
proaches has been suggested in this context. The results per-
taining to nonadaptive and adaptive control of continuous-
flow bioreactor processes are, respectively, summarized in
Agrawal and Lim (1984) and in Bastin and Dochain (1990).
The approach from Bastin and Dochain (1990) is used to solve
the adaptive control problem for a large class of bioreactor
process growth models, and the design of corresponding
adaptive controllers is based on an assumption that only the
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parameters that enter linearly in the process model are un-
known. However, since in some cases the process parameters
that appear nonlinearly in the growth model may be un-
known and time-varying, such an approach may not give a
complete solution to the control problem. Hence in Boskovié
(1994a,b, 1995) adaptive controller design, taking into ac-
count nonlinear parametrization of bioreactor process mod-
els, has been studied. In Boskovi¢ (1994b), a feedback-lin-
earizing controller was used to control a class of fed-batch
bioreactors, and it was shown that when two control inputs
are used, the process outputs are close to desired trajectories
despite the presence of unknown time-varying parameters and
unmodeled dynamics. However, since the implementation of
two control inputs may be a complex and expensive solution,
in BoSkovi¢ (1994a) an adaptive control strategy was sug-
gested for a class of uncertain bioreactor processes in which
the substrate feeding rate is the only control input. The de-
sign was based on the exponential feeding strategy that arises
naturally in the context of fed-batch bioreactor control (Ya-
mane and Shimizu, 1984), and, in the case when process pa-
rameters are known, yields a nonlinear system in which the
convergence of the output errors to zero is guaranteed for a
set of acceptable initial conditions. As a first step toward more
complex designs, in BoSkovi¢ (1994a) it was assumed that two
process parameters, one of them appearing nonlinearly, are
unknown, while the yield coefficient was assumed to be
known. In particular, it was shown that the parametrization
of the process nonlinearity, together with suitably chosen
control laws and adaptive algorithms, yields a stable overall
system in which the convergence of the output errors to zero
is assured, despite the fact that one of the unknown process
parameters enters nonlinearly into the process model. The
proof of stability was based on the Lyapunov function with a
suitably chosen cubic term.

However, the method from BoSkovié (1994a) is based on
parameter adjustment laws that depend on both output er-
rors, which may result in unacceptable transient response,
particularly in cases when initial conditions in the process
outputs are large. Further, the control input becomes zero
when either of the process outputs {(cell or substrate concen-
tration) becomes zero, which irreversibly switches the process
from continuous to batch mode of operation and the process
becomes operationally uncontrollable. Since during the course
of adaptation some of the process outputs can assume the
value zero, conditions imposed on the free design parameters
and on the transient response of the adaptive system are
needed to prevent such a situation. However, when the
method from Bogkovi¢ (1994a) is used, very little can be said
about the transient bounds of the process outputs. Neverthe-
less, the results from Boskovi¢ (1994a), combined with those
from Boskovi¢ (1994b), serve as an important guideline for
the design of bioreactor adaptive control systems in which
stability and operational controllability are assured for all
time. Hence, in this article we suggest a stable adaptive con-
trol strategy that results in parameter adjustment laws that
depend only on the output error in substrate concentration
and yields improved system performance, and, most impor-
tantly, enables us to derive sufficient conditions under which
the process outputs can assume only positive values. The
strategy is based on a convenient coordinate transformation,
parametrization of process nonlinearities, and a suitably cho-
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sen Lyapunov function with a cubic term. We will also show
that the adaptive laws can be modified so that a quadratic
Lyapunov function exists for the resulting adaptive system.

The article is organized as follows: In the following section
the control problem is stated, while in the third section Lya-
punov’s second method, as well as its application in the con-
text of adaptive systems, are outlined. In the fourth section
an idealized controller is suggested for the class of bioreactor
processes. Following that, the new method suggested in this
article is presented, while the simulation results are given in
the sixth section. Following the list of references, an Ap-
pendix is given that contains the proof of Lemma 1 and an
outline of the properties of adaptive algorithms with projec-
tion.

Problem Statement

In this article we consider a class of continuous-flow biore-
actor processes described by the following model:

X mnSX DX X)) =X,
dt K +S =X,
ds , SX

+(Sp=S)D, SO)=S, (2

dt~ Y(K,+S)

where X and S denote, respectively, biomass and substrate
concentrations; D denotes the dilution rate, D= F/Vy; F
denotes the feeding rate; I, denotes the volume of the biore-
actor content, S denotes the influent substrate concentra-
tion, w,, is the maximum value of the growth rate; K, is the
value of § at which u= u,./2; and Y denotes the yield coef-
ficient. The influent substrate concentration S, is constant,
and the control input to the process is D.

Steady state

The steady state of the process is obtained when we set
dX/dt =0 and dS/dt =0. Process 1 and 2 have two steady
states. One is defined below:

KD _ _
—, X=Y(5:-9), 3
Hm— D

5=

where D = u, S/K_ + §) denotes the nominal control input.
Further, 0 < § < S and 0 < X < YS.. The other steady states
are X =0and S = S;. While Eq. 3 is the desired steady state,
the steady state (0, ;) corresponds to the undesired washout
condition.

In this article our goal is to design a controller to keep the
process close to the desired steady state (Eq. 3) when u,,, and
K, are unknown.

To make the problem under consideration analytically
tractable, we assume certain prior information regarding the
process. Let p=[p, K,]” denote the vector of unknown
process parameters, and let

SP = {Pp = [ o Kx]T’ My € [( /‘Lm)min’( :u'm)max]’

Ks € [(Ks)min’(Ks)max]} (4)
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denote the parameter set. We make the following assump-
tion.

Assumption 1. (i) p € 8,, and (i) X(¢) and S(¢) are mea-
surable on-line, and (iii)) 0 < §; < S, and 0 <YS < X, < X.

Comment

1. One of the characteristics of bioreactor processes is that
process parameters are generally not known exactly and may
be time-varying. However, for a given microorganism and
given substrate, the bounds on these parameters may be
known. Hence such an assumption may be realistic in prac-
tice.

2. One of the main problems when controlling bioreactor
processes is that key process variables are not measurable
on-line. However, relatively accurate estimates of X(¢) can
be obtained using secondary measurements, while S(¢) can
be determined using biosensors. Further, as argued in
Boskovi¢ and Narendra (1995), the adaptive control problem
for bioreactor processes should be attempted in several stages
of increasing complexity, and observer-based adaptive con-
trollers should be designed only after the properties of adap-
tive systems resulting from the implementation of full state
feedback controllers are thoroughly studied and well under-
stood. Hence, in this article we consider the case when the
full state of the process is available.

3. It is seen that S, is assumed to be less than S. Such
constraint is typical in situations when production of unde-
sired by-products starts at substrate concentration values
above S, or in depollution control problems, when the sub-
strate concentration at the outlet should be lower than § for
all time.

Control Objective. Under Assumption 1, design a feed-
back controller such that

lim [X(¢£)— X )= lim [S(¢+)-S§]=0.

1o >

In other words, the objective is to design a controller that will
achieve the objective in the presence of parametric uncer-
tainty. Since it has been shown that parameter adaptive con-
trol is well suited for dealing with parametric uncertainty
(Narendra and Annaswamy, 1988), in this article we suggest
an adaptive controller to achieve the control objective for
process 1 and 2. One of the possible approaches to the de-
sign of adaptive controllers employs the Lyapunov stability
method (Hahn, 1963). Since such an approach is also used in
this article, in the next section we outline this method, as well
as its application in the context of the design of adaptive con-
trollers.

Comment. While the Monod model used earlier is the
simplest possible kinetics encountered in bioreactor proc-
esses, the corresponding adaptive control problem is complex
due to the fact that one of the unknown parameters, that is,
K,, appears nonlinearly in the description of the process.
Hence the adaptive methods developed for linear
parametrizations cannot be directly applied, and a different
approach is needed to deal with this type of model. Further,
a successful solution of the control problem for a process de-
scribed by the Monod kinetics can be an important step in
the controller design in the case of more complex models
encountered in bioreactor processes (such as processes gov-
erned by Contois or Haldene kinetics or by product inhibi-
tion kinetics).
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Lyapunov’s Second (Direct) Method

Lyapunov’s second (direct) method (Hahn, 1963} is proba-
bly the most widely used technique in stability analysis of
nonlinear dynamical systems. In this section we outline the
main definitions and the stability theorem that represent the
main trust of the method. Following that, an application of
the method in the context of the design of adaptive con-
trollers is outlined. For further details regarding this method
the reader is referred to the large available body of literature
on the subject.

Outline of the method

Let a system be described by the following vector differen-

tial equation:

x=f(x,1), x(0) = xg, (5)
where x € R” denotes the state vector, and f: R" XR* - R”
is a smooth vector function such that the solution x{(¢; x,,#,)
of Eq. 5 exists for all t > ¢,. Further, let f(0,0)=0, YVt >1,.

Definition 1. The equilibrium state x, =0 of system 5 is
stable if and only if for every € >0 and every ¢ > ¢,, there
exists a &= 8(e, 75)> 0 such that |lx,ll <8 implies that
1xCe; xg, )l < € for all t > ¢,

Definition 2. The equilibrium state x, =0 of system 5 is
attractive if and only if for some p >0 and for every A> 0
and every 7,> 0, there exist a fixed T(A,x,,¢,) such that
lx,ll < p implies that [lx(z; x,, ¢t < A, for all £>¢,+T.

Definition 3. The equilibrium state x, =0 of system 5 is
asymptotically stable if and only if it is both stable and attrac-
tive.

Definition 4. The equilibrium state x, =0 of system 5 is
uniformly stable if and only if 8 from Definition 1 is inde-
pendent of the initial time ¢,.

Definition 5. The equilibrium state x,=0 of system 5 is
uniformly asymptotically stable if and only if it is uniformly
stable, and for some €; > 0 and for every €, > 0, there exist a
fixed T(e,, €,) such that |lx |l < €, implies that lix(t;x, £l
<e€,forall t=t5+T.

Based on these definitions, other properties can also be
defined, such as global stability and exponential stability. For
further details the reader is referred to Hahn (1963).

The direct method of Lyapunov can be used to determine
the stability of the equilibrium x, =0 of system 5 without
explicitly determining the solution of the system. It involves
finding a suitable scalar function V(x,t) and examining its
first time derivative along the motions of the system. The fol-
lowing theorem gives sufficient conditions for stability
(asymptotic stability) of the equilibrium x,=0 of 5.

Theorem 1. ‘The equilibrivm of system 5 is uniformly sta-
ble (uniformly asymptotically stable) if there exist a scalar
function V(¢, x) with continuous first partial derivatives with
respect to x and ¢, such that 1(0,1) =0, and if the following
conditions are satisfied:

1. V(t,x) is positive definite, that is, there exists a continu-
ous nondecreasing scalar function a(||x|) such that a(0) =0
and V(x,1) = a(lix|) >0, for all x+0 and all ¢ = ¢,.

2. V(t,x) is decrescent, that is, there exists a continuous
nondecreasing scalar function 8(||x|]) such that 8(0) =0, and
BUxID> 0 and V(x,t) < B(llxI), for all x# 0 and all £ > ¢,.
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3. V¢, x) is radially unbounded: lim,, _, .. a(|lx|)) =c°.
4. V(t,x) is negative semidefinite (negative definite), that is,

) F1% -
V(x,t)= = +(VV) f(x,t) < —yUix),

where y(||xID is a continuous nondecreasing function such that
v(0)=0 and y(ix|D = 0 [y(lxlD > 0] for all x # 0 and all ¢ >
to-

In the preceding theorem, part 4, VI denotes the gradient
of V' with respect to x, and the time derivative of V is evalu-
ated along the motions of system 5.

Scalar functions V(x, ¢) satisfying the conditions of the pre-
ceding theorem are referred to as the Lyapunov functions for
system 5.

While the method just given has been extensively used in
the analysis of nonlinear dynamical systems, in this section
we focus on its application in the context of adaptive systems.
Such an application is outlined below.

Stability analysis of adaptive systems

Probably the most exhaustive study of an application of
Lyapunov’s second method in the context of stability analysis
of adaptive systems is given in Narendra and Annaswamy
(1988). A brief outline of the approach is given below.

Let a first-order error model be given in the form:

é=—Ae+ dw(x,t), (6)

where A >0, w:RXR* — R is a smooth function of x and ¢
such that |x(¢)l < k,, V¢ = 0, implies that |e(x(¢), ) < k,, YVt
> 0, where k; > 0 and k, > 0. Further, let ¢ = x — x*, where
x*: R* >R is a bounded function, and let ¢ =6 — 8* de-
note the parameter error, where 6 is an adjustable parame-
ter, and 6* is constant.

The objective is to adjust 8(¢) so that lim, _, .e(r)=0.

We suggest the following adjustment law (adaptive algo-
rithm):

d=6=—yeow, )]

where y > 0 denotes the adaptive gain.

We further need to verify that the equilibrium (e, ¢)=(0,0)
of systems 6 and 7, is stable and that the preceding objective
is met. Thus we choose the following Lyapunov function can-
didate:

1 2
V(e,d>)=—[ez+¢—]. (®)
2 04

It is clear that this function has continuous derivatives with
respect to e and ¢, and that it is positive definite, decres-
cent, and radially unbounded (recall the previous section).
We now take the derivative of V(e, ¢) along the motions of 6
and 7, which yields

Vie,d)=— re? <0, O
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for all e =0, all ¢+ 0, and all ¢t > t;=0. From the previous
theorem we can now conclude that the equilibrium (e, ¢) =
(0,0) of the systems 6 and 7 is uniformly stable. Hence, e €
£ and ¢ £7, which also implies that x€ £ and 6 €
£, where £ denotes a set of bounded functions. Further,
upon the integration of the derivative of 1/ we obtain

V() - V) = [ “Ae2(r) dr, (10)
0

which implies that e € £72, that is, e(z) belongs to a set of
square-integrable functions. Since x(¢) is bounded, so is
w(x,t), and since e(t) and ¢(t) are bounded, we can con-
clude that é € £~ Now, since e€ £2 and é € £, it fol-
lows from Barbalaat’s lemma (Narendra and Annaswamy,
1988) that lim, _, .e(¢) = 0.

Idealized Controller

In this article our objective is to use an approach based on
the Lyapunov’s second method, as applied in the context of
adaptive systems, to design an adaptive controller for the
process 1 and 2. Before proceeding to the design stage, we
first show that the solution to the adaptive control problem
exists. Similar to BoSkovié (1994a), in this article the basis for
the adaptive controller design is the exponential feeding
strategy (Yamane and Shimizu, 1984) of the form:

M SX

After substituting expression 11 into Eqs. 1 and 2 we obtain

é,=— De,, é, =— De,, 12)
where e, = X — X and ¢, =S — §. This system is expressed
in terms of the output errors e, and e,, and is referred to as
the error model. We next analyze the stability of the equilib-
rium e; =0, e, =0 of this error model using Lyapunov’s sec-
ond method. We choose the Lyapunov function candidate in
the form:

1
V(el,e2)=—2-[e12+e§ . (13)

Taking its derivative along the motions of the error model
given earlier, we obtain

V(e,,e,) =~ Dle} +e3]1<0,

for all nonzero values of e, and e,, and for all time, provided
X, >0 and S, > 0. It follows that the equilibrium (e, e,) =
(0,0) of system 12 is uniformly asymptotically stable (recall
the section on the method outline) and, hence, lim, _, . e,(1)
=lim, _ .e,(¢)= 0. We can conclude that, in the case when
all process parameters are known, the control objective is met
using the exponential feeding strategy (Eq. 11). Our objective
is to use such a control law as a basis for an adaptive con-
troller in the case when process parameters are unknown.
Such a controller is considered next.
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Comment. As seen from the preceding analysis, a neces-
sary condition for the stability proof of go through is that X,
and S, are strictly positive. This implies that D, as described
by Eq. 11, is also strictly positive at ¢ = 0. It is only after this
is established that we can verify the stability of the system.
Due to the structure of the error model 12, it is clear that
S, > 0and X, >0, implying D(0) > 0, will also imply that the
output errors will converge to zero, so that the conditions
X(r)= X, >0 and S(t)=S,> 0 are satisfied for all ¢=0,
which in turn implies that D(¢)> D> 0 for all time. How-
ever, as we will see later, when the error equations contain
the terms in parameter errors as well, such ranges of values
for X(¢) and S(¢) cannot be readily established. Hence sepa-
rate analysis is needed in such cases, as we emphasize in the
following section.

Stable Adaptive Controller

One solution to the adaptive control problem for process 1
and 2 was given in BoSkovi¢ (1994a). While the approach re-
ported in that paper yields a stable adaptive system in which
the convergence of the output errors is guaranteed, the
method has several shortcomings that prevent the results to
be readily extended to more complex cases: (1) both output
errors are used in the adaptive algorithms, which may lead to
unacceptable performance of the system, particularly in cases
when initial errors differ in several orders of magnitude, and
(2) the stability of the system can be demonstrated only if the
control input is assumed to be strictly positive for all time; on
the other hand, conditions under which this will be true are
very difficult to derive since the Euclidian norm of the output
error vector is involved in analysis. Since these properties limit
substantially the applicability of the method, in this article we
suggest an approach that yields an adaptive system with the
following properties: (1) the stability and convergence prop-
erties of the adaptive system are retained; (2) only e, is used
to adjust the parameters; and (3) an efficient analysis of the
transient response of the system is possible, which in turn
aids in the control input saturation analysis.

The method suggested in this article to solve the adaptive
control problem for process 1 and 2 is based on the following
coordinate transformation (D’Ans et al., 1974):

2= X-Y(S;-$). (14)

After taking the first derivative of the preceding expres-
sion, from 1 and 2 we obtain:

z=-Dz, (15)

which implies that lim, . z(¢) = 0, provided D(¢1)> D_;, >0
for all time. The former condition also implies that

lim {X(t)— Y[Sp— S(£)]} = lim [e,(¢) + Ye,(¢)]=0.

%

Hence, if the adaptive controller is designed to assure that
lim, _, .e,(¢)=0, X(¢) will also asymptotically reach the de-
sired steady state X.

As shown in Boskovi¢ (1994a,b), the design of stable adap-
tive laws depends on the parametrization of the process non-
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linearities. Using a similar approach we further parametrize
Eq. 2 in the form

ds a,SX

—_——— 4+ (8§, - S)D, (16)
dt Y(1+a,8)  F

where a, = p, /K, and a,=1/K,. Let @ =[a, a,]". Since
i, and K, are unknown, so are a; and «,. Based on the
definition of set §, (Assumption 1), we can also define the
set

- {a:a =[la; az]T, 0 <(ozj)min <oa;< (o )max, = 1,2},
a7n

S

a

where (al)min = (:U’m)min/(K.x)max’ (al)mux = (/J'm)max/
(K:)min’ (a2)min = 1/(Ks)max’ and (a2)mux = 1/(K.v)min' It
follows that o € §,.

Since «; and «, are unknown, in this case we choose the
control law in the form

&,8X

D= e (18)

where &, and &, denote, respectively, the estimates of «;
and a,.

Now the objective is to adjust the controller parameters &
and &, so that the overall system is stable and the output
errors e, and e, converge to zero. The first step in our design
is to derive the error model of the system. We now substitute
Eq. 18 into Eq. 2, and, after some straightforward algebraic
manipulations, obtain:

SX ¢, a152X¢2

6. = — De., + —
K T AT a,5)Y U+ a8+ é,8)Y’

(19)

where ¢, = &, — a, and ¢, = &, — «, denote the parameter
€rrors.

When the coordinate transformation 14 is used, we can
choose z and e, as the statc variables of the system. Hence
the error model in this case consists of Egs. 15 and 19. To
illustrate the application of Lyapunov’s stability method in
the context of adaptive control design for systems 1 and 2, as
well as the difficulties encountered since K appears nonlin-
early in the process model, we will consider two cases: (1)
case when only u,, is unknown, and (2) case when both g,
and K are unknown. In the former case it follows that a, =
1/K is also known. Hence «, rather than &, can be used in
the control law (Eq. 18), so that the second term on the r.hs.
of expression 19 is zero. Since in this case the state variables
of the system are z, e,, and ¢,, we choose the following
quadratic Lyapuov function candidate:

2

1 @
Vl(z,ez,¢1)=—{zz+e§+—l-], 20)
2 27

where vy, > 0. It is seen that this function is positive definite,
decrescent, and radially unbounded (recall the section out-
line of the method). After taking its first derivative along the
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motions of Egs. 15 and 19, we obtain:

e,8X¢, ¢1¢

V. =— D[z? 2 1 .
1(Z,ela¢1) [Z +‘€2]+ (1+ &ZS)Y Y (21)

Now the objective is to find an adjustment law for &, so that
the preceding derivative is (at least) negative semidefinite. It
is seen that this can be achieved by canceling out the last two
terms on the r.hs. of Eq. 21. Keeping in mind that &, = ¢,
(since «, is constant), we further choose

Y1€28X

L I CEEao v

(22)

where vy, is referred to as the adaptive gain. Hence,
V(z,e,,¢;)=— D[z*+ ¢3] < 0 for all nonzero values of z, e,,
and ¢,, and for all 1> 0, provided D(¢)> 0 for all time. In
such a case we can conclude that z, e,, and ¢, are bounded,
and, using the standard arguments from Narendra and An-
naswamy (1988) (see the section on stability analysis), it fol-
lows that lim, , z(z)=lim,_, ,e,(t)=0. The former condi-
tion also implies that lim, |, .e,(#) =0, so that the control ob-
jective is met.

The adaptive algorithm 22 is of the gradient type (Narendra
and Annaswamy, 1988) and is designed for the ideal case,
that is, for the case when there are no disturbances or un-
modeled dynamics present. However, it cannot guarantee that
all the signals will be bounded in the presence of various dis-
turbances, and some modifications are needed to achieve the
robustness of the system (Narendra and Annaswamy, 1988).
One possible way of achieving this is to use the adaptive algo-
rithms with projection (Narendra and Annaswamy, 1988; Ap-
pendix), whose main feature is that the parameter estimates
are kept within known bounds for all time, even while assur-
ing stability and robustness of the system. Since in our case
the bounds on the process parameters are known, we will
adjust the controller parameters using this type of adaptive
algorithms. Hence we choose:

Yie28X

S a+ &ZS)Y}’ 23)

d)] =0 = PrOJ[(al)mm*(al)max]{

where the function Projy, , (.. {'} denotes the projec-
tion operator whose role is to assure that the estimate &(r)
belongs to the interval [(@)pin, (@] for all time. As
shown in the Appendix, when such an operator is used, the
following inequality:

v1€:8X ¢y

T AT &Y’ 24

¢1d;1-<—

is satisfied for all values of arguments. Hence it can be read-
ily verified that the stability properties of the system are re-
tained with this type of adaptive algorithm.

The relative ease with which the preceding adaptive algo-
rithms were designed in the case when K is known comes
from the fact that g, appears linearly in the model (Egs. 1
and 2), which results in the signal multiplying ¢, in expres-
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sion 19 being measurable. In the case when K, is unknown,
so is o, and the problem becomes more complex since the
signal multiplying ¢, in Eq. 19 is not measurable due to the
presence of unknown «,. Now a question arises as to which
signal should be used to adjust &, to yield a stable system.
One possibility is to use the so-called “certainty-equivalence
adaptive algorithms,”suggested by Boskovi¢ (1994b), such that
in the adaptive algorithm the unknown a, is substituted by
its estimate &,. Hence we choose

(1‘52=CA¥2=PI'O]. a3 )min (@ 2) .
(e 2)min @ 2)max] 1+ &ZS)2Y

v,e,82X
—”———} (25)
where vy, > 0 denotes the adaptive gain. It also follows that
the inequality

723232X¢2

$,, < ,
T+ a8y

(26)

is satisfied for all values of arguments (Appendix). The pre-
ceding adaptive algorithm is chosen to be of the projection
type not only because of the robustness considerations, but
also to prevent the division by zero in the expression 18.

Now a question arises whether the preceding adaptive al-
gorithms result in a stable system. Since quadratic Lyapunov
functions are the most commonly used in stability analysis of
adaptive system, such a candidate function is used in this case
as well. Hence we choose

o, 2, 80 @
Vyz,e5,¢1,0,) ==z +es+—+a—|, 27
2 2 Y2

and evaluate its derivative along the motions of the system
(Egs. 15, 19, 23 and 25) to obtain

e, 83X p2

Vy(z,6%,¢,,¢,) < — D[z% + €3]+ .
’ v 20+ a8+ @,8)

Since the last term on the r.h.s of the preceding expression is
sign-indefinite and cannot be shown to be bounded for all
values of X, we can conciude that the quadratic Lyapunov
function candidate is not well suited for the stability analysis
in the case when the adaptive algorithm 25 is used to adjust
&,. A solution to this problem was given in Boskovi¢ (1994a)
in the case when both e; and e, were used to adjust the
parameters. In this article we adopt a similar approach in the
context of the error model (Eqgs. 15 and 19). Such an ap-
proach is given below.

Since the Lyapunov function candidate (Eq. 27) cannot be
used to demonstrate the stability of the preceding system, we
modify it by including a cubic term in ¢,,

! ¢ b3 ¢ ¢

Vi(z,e0,d1,0,) == |22+ e;+—+a,— |+ a,— —,
3 2 1 2 2 2 2 ]'}’2 1C2 3’)’2
(28)
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where ¢, > 0 and ¢, > 0 are to be found to assure that Vj is
positive definite, decrescent, and radially unbounded, and
that its first derivative along the motions of the system is neg-
ative semidefinite. We further have

V3(z,ez,d>1,¢z) < - D[z2? +e3)+ o, £(ey, 5,5, X), (29)
where

e:¢,8°X 1 c Ty
1+ &S |1+ a,S ,(1+&,9 |

ey, d,,5,X)=—

is referred to as the indicator function. Now the idea is to
find ¢, and ¢, such that ¢ is negative semidefinite. If we
choose: ¢, =S and ¢, =1+ a,S, we obtain

£(ey,¢,,5,X)

e:0,8°X 1 1+ &,8
_ 2¢2A B + o i (30)
14+ 6,5 [ 1+ a,S 1+ a,SH1+ &,5)
and
e228’X
ey 5,8, X) = 22

- = <0
1+ a,$)1+ a, )1+ &,8)

for all values of arguments.

Hence, Vi(z,e,,¢,,¢,) <0 for all nonzero values of argu-
ments and for all time, so that, if D(t) > 0 for all time, using
the standard arguments outlined in the section on stability
analysis we can readily demonstrate that lim,_,z(t) =
lim, _, .e,(¢+)=0, and that, in addition, lim, _, .e,(t)=0.

Comment. Since &, belongs to the interval [(a))nn,
(@3),,.,] for all time due to the properties of the projection-
type adaptive algorithm 25, we can readily show that
Vi(z,e5,b,,¢,) from Eq. 28, with ¢, =8 and ¢, =1+ a,8§, is
positive definite, decrescent, and radially unbounded.

Even though Vy(z,e,,$,.¢,) satisfies all conditions of The-
orem 1, it may not be best suited for further analysis due to
the presence of the cubic term in ¢,. Hence, our objective is
to modify the adaptive law for adjusting ¢, so that a quadratic
Lyapunov function exists for the resulting adaptive system.
The motivation as to how to modify the adaptive law 25 comes
from expression 30. With the objective of realizing the same
function ¢ in the derivative of a Lyapunov function, the fol-
lowing adaptive law and the Lyapunov function are found:

1+ &,5]e, 82X
Y2 2 2 (3D

d32=&2=Proj W) ()
() min (@2 )max] a1+ &ZS)ZY

and

1 4’12 &y d’%
Vi(z,e5,01,0,)==|22+e3+—+ =-— . (32
(z,65,01,0,) 3 [z it T TT 3 7 )

It is seen that the function just given is quadratic in all
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system states. After taking its derivative along the motions of
the system (Egs. 15, 19, 23 and 31), we obtain

Vi(z,e5,¢,,0,) < — D[z + 3]+ a, £(e;3,6,,5,X), (33)

where ¢ is defined by expression 30. It is seen that by intro-
ducing the term (1+ &,8) in the adaptive algorithm 31, it
was possible to come up with a quadratic Lyapunov function
32 for the system, and that this results in obtaining the same
indicator function in the expression 29 as in the case of the
adjustment law (Eq. 25) and the Lyapunov function (Eq. 28).

Comment. While the preceding adaptive algorithms as-
sure the asymptotic convergence of the output errors to zero,
they cannot assure that the parameter errors will converge to
zero as well. The reason for this is that the desired values of
the process outputs are constant and thus not “persistently
exciting” (Narendra and Annaswamy, 1988). Loosely speak-
ing, since the process has two unknown parameters, the de-
sired values of the process outputs are not sufficiently “rich”
to excite the whole parameter space and force the parameter
errors to zero. In our case, however, the objective is to force
the output errors rather than the parameter errors to zero,
and such an objective is achieved using adaptive laws 23 and
25 or 31.

As seen in all cases just studied, the stability of the system
was proved under the assumption that the condition

x>0, S®>0, (34)

is satisfied for all time, which in turn guarantees that the
control input saturation at value zero cannot occur. However,
since we do not know a priori that such a condition will be
satisfied, we will further derive conditions under which the
process states are guaranteed to assume strictly positive val-
ues for all time.

Let us, for simplicity, assume that y, and vy, from Egs. 23
and 31 have the same values, that is, y, =y, =y. We further
consider the following lemma.

Lemma 1. If the following condition is satisfied:
c
vz [S—U-_Es?, (35)
where
2
€= ()= o+ T S
and 0 < €5 < §,, then the conditions
X()=2Yeg >0, - S(t)=e>0, 37

are satisfied for all ¢ > 0.
Proof. The proof is given in the Appendix.

Comment

1. While the preceding lemma is proved for a special case
when vy, =1,, very similar conditions can be derived in the
case when v, # v,.
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2. The preceding condition is only sufficient, and thus re-
strictive. Loosely speaking, the lemma indicates that condi-
tion 37 will be satisfied if y, and vy, are sufficiently large.
The importance of this result stems from the fact that this
condition guarantees that D(t)= w,, e2Y/(K, + €)X]>0
for all time, that is, that the control input cannot saturate at
D=0.

Computer Simulations

In this section the method studied in the previous section
will be evaluated through computer simulations. The case
study involves the following process model:

0.358x

X=—— DX,  X(0) =10, 38
025+S © (38)
Ry 0.705% (200— S)D 5(0) = 0.01 (39)
=———+ - =0.01.
0.25+S ’

We assume that the process parameter vector p =[0.35 0.25]7
is unknown to the designer, and that the following prior in-
formation is assumed to be available:

pe 8, ={pp=[n,K1,01<p,<0501<K <1}.

(40)

Based on the parametrization from the preceding section we
also introduce the vector @ =[a; a,]7, whose elements are
a;=u, /K, and a, =1/K_, so that

ae s, ={aia=[a, a,)",01<a,<5,1<a,<10}). (41)

We will assume that the desired steady-state for § is § = 0.28.
Hence from Eq. 3 we have that X = 99.86.

As mentioned earlier, in this article we will assume that
S(t) cannot be allowed to exceed S for extended periods of
time. This is a realistic requirement encountered in the fol-
lowing situations:

1. When the process is substrate inhibited and the inhibi-
tion effect on the cell growth rate becomes substantial above
S.

2. When formation of undesired products starts at concen-
trations above § (e.g., ethanol formation in the case of baker’s
yeast (Takamatsu et al., 1985).

3. In the depollution control problems, when the fermenta-

tion broth having substrate concentration higher than S can-
not be released in nature.
Hence, the process is operated in fed-batch mode until some
prespecified volume is reached, when the pump at the outlet,
having the same flow rate as that at the inlet, is activated.
Since in both cases the structure of the resulting control laws
and error models is the same, we will consider the process
assuming that it is operated in the continuous mode for all
time.

Controller design

In all cases considered in this section the initial conditions
of the parameter estimates are chosen as

AIChE Journal

(al)max+(al)min
2

a,(0) = =255,
( az)max + ( a2)min

=35.5.
2

&2(0) =

The process is simulated over the interval [0, 100] hours using
Euler’s method employing the step size 0.001. In the case of
adaptive controllers, the adaptive gains were in all cases cho-
sen as vy, = 10, and y, = 100, using trial and error.

Fixed controller

We first show that the control problem cannot be solved
using a fixed controller obtained when the adaptive gains were
set to zero and the initial values of the controller parameters
were chosen as in Eq. 42. In such a case, the response of the
system is given in Figure 1, in which X(¢) denotes the re-
sponse of the system when true values of parameters were
used in the control law 18. The responses of both X(¢) and
§(#) are not acceptable and that their steady-state values are
far from the desired ones defined earlier (i.e., S =10.28 and
X =99.86). These responses can be improved using linear
techniques by, for instance, adding an integral term to the
controller 18. However, when a linear controller is used to
control processes 1 and 2, very little can be said about the
stability and transient response of the corresponding closed-
loop system. Hence we further focus on response achieved
using the adaptive controller 18, 23 and 31 whose stability
and transient properties are established in this article.

Adaptive controller

The response of the system in the case when the adaptive
controller 18, 23 and 31 was used is shown in Figure 2 in the
case when process parameters are constant. It is seen that
the overall performance is good and that e,(¢) after an initial
transient quickly converges to zero. The adaptive system is
also simulated in the case when X(¢), S(¢+), and S were cor-
rupted by zero mean noise, Figure 3. The signal-to-noise ra-
tio was chosen to be 10 for the steady-state values of X(¢)
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Figure 1. Response of the system with the fixed con-
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Figure 2. Response of the system with the adaptive
controller: case with no noise.

and S(¢), and for Sy itself. Hence the corresponding vari-
ances were chosen as 10, 0.028, and 20, respectively. It is seen
that in both cases from Figures 2 and 3, as indicated by the-
ory, the controller parameters do not converge to their true
values.

The system is further simulated in the case when w,, and
K, vary with time as shown in Figures 4 and 5; also in cases
with and without noise. It is seen that the response in S(¢) is
good, while due to the parameter time variations, response in
X(1) is somewhat slower than in the cases from Figures 2 and
3. Since u,, and K, vary with time, so do «, and «,. The
latter and their estimates are shown in the lower portion of
Figures 4 and 5.

Also, in all simulations the actual response of the system is
compared to the desired response X, (¢) obtained when true
values of parameters are used in the control law. It is seen
that in all cases the actual response is slower than that of
X (1), which is due to the presence of parametric uncertainty
of the process. Hence, even though X(¢) reaches the desired
steady state, the settling time is larger than that in the case of
X (1).

t t

Figure 4. Response of the system with the adaptive
controller when process parameters vary with
time: case with no noise.

From the preceding simulations the following conclusions
can be made:

1. In the case of no noise, the method suggested in this
article yields an acceptable performance of the adaptive sys-
tem.

2. The method is also robust to large-parameter time varia-
tions and to large noise in input and output variables.

3. The choice of the values of adaptive gains prevents the
control input saturation at value zero.

Conclusion

In this article the adaptive exponential feeding strategy was
designed for a class of nonlinearly parametrized models aris-
ing in continuous-flow bioreactor processes. Under the as-
sumption that the yield coefficient is known, the system con-
sisting of the controlled process and adaptive laws is shown
to be stable and the output errors are guaranteed to con-
verge to zero in the case when only e,(¢) was used to adjust
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Figure 3. Response of the system with the adaptive
controller: case when noise is present in X(t),
S(t), and S;.
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Figure 5. Response of the system with the adaptive
controller when process parameters vary with
time: case when noise is present in X(t), S(t),

and Sg.
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the parameters. Two cases of adaptive algorithms were con-
sidered, and in both cases the proof of stability of the overall
system is carried out using a suitably chosen Lyapunov func-
tion. Further, the adaptive scheme is guaranteed to avoid
control input saturation at value zero under the conditions
imposed on the adaptive gains. Through a simulation study
the method was shown to yield acceptable performance of
the closed-loop system in the presence of large noise and pa-
rameter time variations. The results from this article repre-
sent one of the stages of increasing complexity toward a solu-
tion to the adaptive control problem in the case when all
process parameters are unknown, more complex growth mod-
els are encountered, unmodeled dynamics are present, and
only one of the process outputs is measurable. In the latter
case, an observer-based adaptive controller is called for. De-
velopment of one such controller is currently in progress.

Notation

¢, €y, €, =constants
§ =steady-state value of substrate concentration
X =steady-state value of cell concentration
a = parameter vector, a =[a, a,1"
ay, a, = parameters of the parametrized process model
&,, &, =parameter estimates
€5 =constant, 0 < g < S
¢, ¢, = parameter errors
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Appendix
Proof of Lemma 1
From expression 32 we have

AIChE Journal

January 1996

1 ¢
Viz,e,,¢,,¢,) < 5[22 +e3 +“]:
Y

where c is defined by Eq. 36. From the preceding expression
and Eq. 33 we further have

. ¢
%s—ZD[V3—2—}. (A1)
Y

Using the comparison principle approach (Yoshizawa, 1966),
and since V,(-) > 0 for all nonzero arguments, we further have

Cc . c
V4(t)S[V4(O)—-2—y exp{—/(;D(fr)dq-}+E;. (A2)

Further, since from expression 32 at ¢ = () we have
1 c
Vil20),630),6,0), 520 < 5 [ 2(0)+ 30+ —],
Y
and since
L2
V3(Z,32,¢],¢72)2 '2_[2 + ez]
for all values of the arguments, we now have
c
22() + e3(1) < [220) + e2 (D] exp { —thD(r) dr} +—.
0 Y
Since from Eq. 15 we have

z(1) = z(0)exp { —f' D(r) dT},

0

from the two previous expressions we obtain

|e2<t)|s|e2(0)|exp<— [ D(T)d7}+\/? (A3)
0 Y

The critical case is when S(¢')= 0 for some ¢, which can oc-
cur when S(¢)< S. Hence we consider the latter case and
rewrite Expression 44 in the form

T T "t c 15
$025-(5-slow (- [/ D ar)— [ 25, %,

(AD)

where the last inequality is based on the fact that S, < § [re-
call Assumption 1 (ii))]. It now follows that the condition S$(z)
> ¢, (where ¢ is defined in the statement of the lemma)
will be satisfied for all time provided

c

—_— AS
y> 5.2 6;]2 (AS)
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We further consider the condition on X(¢). Since z =e, +
Ye,, from Eq. A3 we now have

e, +Ye, =[e(0)+ Ye,(0)]exp { - f’ D(7) dr} (A6)
0

Again, the critical case is when X(¢”)= 0 for some ¢”, which
can occur when X(¢)< X. In the latter case, the preceding
expression is rewritten in the form (recall the definition of e,
and e,):

X(D)-X+Y[S(O)-8z{X®-X+Y[SO-S]}

Xexp{—[’ D(T)d7> (A7)
0

Projig,,.,.0,,{ — vew} =

for all time, and
X - X()+Y[S-8(D1<{X - X0
+Y[§—s<o)1}exp{-/0’ D) df}
<{X - X0+ Y[S- S0},
for all ¢ > 0, from where we have
X)) = -YS()+ X, +YS,.

Since from Eq. A3 and the condition A5 we can conclude
that S(r) <25, — € for all time, we now have

X(t)= X, —YS, + Yeg = Yes > 0,

for all time [recall Assumption 1 (iii)], which completes the
proof. m]

Projection-type adaptive algorithms

Properties of such adaptive algorithms will be illustrated in
the example of a simpie error model from the section on sta-
bility analysis. Let 6* € [#6,,,, 6....)- The adaptive algorithm
takes the form:

<f;=(§=PrOjlg x]{—yew},

mln’ﬂmu

where the projection operator is defined as follows:

- yew, ifo(t)=6,, and ew>0,
0, if (¢t)=6,,,  and ew <0,
- yew, if O < 0(1) < 6,
0, if 0(t)=6,;, and ew=0,
- yew, if 6(t)Y=46_,, and ew <0.

Our objective is to show that in all of the cases ¢>¢3 <
— yewd, that is, that qbd) + yewd < 0. We further consider
each individual case:

(D) 6(t) = 6,,,,. When ew > 0, we have that ¢ = — yew, and
¢p =~ yewd. Since ¢=06—6* and 0% € [6,,,, O, ) in
this case ¢ = 6,,,, — 0* 2 0. When ew < 0, ¢ =0, and we have
dd + yewd =yewd <0.

(i) 6., < 8(t) < B,,,,. In this case ¢pd = — yewe.

(iii) (£) = 8. For ew <0, we have that ¢ = — yew, and
¢¢ = — yewd. Since in this case ¢ = 6,,;, — 8* <0, for ew >
0, we have ¢ =0, and r,qu +yewd =yewd < 0.

It follows that the adaptive algorithms with projection as-
sure that the condition ¢d < — yewe is satisficd for all val-
ues of arguments.
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